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Exercise 1

In a vector space V, the following axioms have to be fulfilled. Let |ψ⟩ and
|ϕ⟩ be vectors in V and let α and β be scalars in C:

1) α
(
|ψ⟩+ |ϕ⟩

)
= α |ψ⟩+ α |ϕ⟩ and (α+ β) |ψ⟩ = α |ψ⟩+ β |ψ⟩

2) α
(
β |ψ⟩

)
= β

(
α |ψ⟩

)
3) There exist a zero vector |0⟩ ∈ V such that 0 · |ψ⟩ = |0⟩ , ∀ |ψ⟩ ∈ V.
4) 1 · |ψ⟩ = |ψ⟩ , ∀ |ψ⟩ ∈ V.

Show, based on the above axioms, that:

(i) |ψ⟩+ |0⟩ = |ψ⟩

(ii) α
(
|ψ⟩ − |ϕ⟩

)
= α |ψ⟩ − α |ϕ⟩

Exercise 2

Let V be a vector space.

(i) What are the necessary conditions on all |ψ⟩ ∈ V for V to be a Hilbert
space?

(ii) Let |ψ⟩ be an ordered sequence of complex numbers ψi ∈ C where∑
i|ψi|2 <∞. Is it possible to define an inner product (•, •) according

to (|ψ⟩ , |ϕ⟩) =
∑

i ψ
∗
i ϕi?

(iii) Is it possible to define a Hermitian inner product (•, •) according to
(|ψ⟩ , |ϕ⟩) =

∑
i ψiϕi?

Exercise 3

Let H and H∗ be dual Hilbert spaces. A bra vector ⟨ϕ| ∈ H∗ corresponding
to a ket vector |ϕ⟩ ∈ H is defined via the inner product as ⟨ϕ|χ⟩ = (|ϕ⟩ , |χ⟩).
Consider |Ψ⟩ = α |ϕ⟩+β |ψ⟩ ∈ H and ⟨Φ| = α∗ ⟨ϕ|+β∗ ⟨ψ| ∈ H∗. Show that
⟨Φ| corresponds to |Ψ⟩, i.e., ⟨Φ| = ⟨Ψ|.



Exercise 4

Consider the spanning set {|vi⟩} of the Hilbert space H. Prove that the
sequence

|u1⟩ =
|v1⟩

|||v1⟩||
, |uk⟩ =

|vk⟩ −
∑k−1

j=1 ⟨uj |vk⟩ |uj⟩
|||vk⟩ −

∑k−1
j=1 ⟨uj |vk⟩ |uj⟩||

, ∀k > 1

forms an orthonormal basis.


